Abstract. We study the action on the Bruhat-Tits tree of unit groups of maximal orders in certain quaternion algebras over Fq(T ) and discuss applications to arithmetic geometry and group theory.
Introduction
Let B be an indefinite division quaternion algebra over Q. d on H and the number of elliptic points; cf. [18, Ch. 4] . The transfer of information also goes in the opposite direction, e.g., knowing the genus of X d and the relative position of elliptic points on this curve, one deduces a presentation for Γ
d . An interesting special case is when Γ d is generated by torsion elements; this happens only for d = 6, 10, 22, and one knows a presentation of Γ d in these cases, cf. [1] .
The purpose of the present paper is to study the function field analogues of the groups Γ d . First, we introduce some notation. Let C := P 1 Fq be the projective line over the finite field F q . Denote by F = F q (T ) the field of rational functions on C. The set of closed points on C (equivalently, places of F ) is denoted by |C|. For each x ∈ |C|, we denote by O x and F x the completions of O C,x and F at x, respectively. The residue field of O x is denoted by F x , the cardinality of F x is denoted by q x , and deg(x) := [F x : F q ]. Let A := F q [T ] be the ring of polynomials in T with F q coefficients; this is the subring of F consisting of functions which are regular away from ∞ := 1/T .
Let D be a quaternion division algebra over F . Let R be the set of places where D ramifies (R is finite and has even cardinality, and conversely, for any choice of a finite set R ⊂ |C| of even cardinality there is a unique, up to an isomorphism, quaternion algebra ramified exactly at the places in R; see [18, p. 74] multiplicative group of D. Assume D is split at ∞, i.e., D ⊗ F F ∞ ∼ = M 2 (F ∞ ). Fix a maximal A-order Λ in D. Since D is split at ∞, it satisfies the so-called Eichler condition relative to A. Since Pic(A) = 1, this implies that, up to conjugation, Λ is the unique maximal A-order in D, i.e., any other maximal A-order in D is of the form αΛα −1 for some α ∈ D × (F ), cf. [18, Cor. III. 5.7] . We are interested in the group of units of Λ:
, the group Γ can be considered as a discrete subgroup of GL 2 (F ∞ ). There are two analogues of the Poincaré upper half-plane in this setting. One is the Bruhat-Tits tree T of PGL 2 (F ∞ ), the other is Drinfeld upper half-plane Ω := P 1,an
F∞ be the rigidanalytic space associated to the projective line over F ∞ . These two versions of the upper half-plane are related to each other: Ω has a natural structure of a smooth geometrically connected rigid-analytic space and T is the dual graph of an analytic reduction of Ω, cf. [17] . As a subgroup of GL 2 (F ∞ ), Γ acts naturally on both T and Ω (these actions are compatible with respect to the reduction map). The quotient Γ \ Ω is a one-dimensional, connected, smooth analytic space over F ∞ , which in fact is the rigid-analytic space associated to a smooth, projective curve X R over F ∞ , cf. [17, Thm. 3.3] . The quotient Γ \ T is a finite graph (Proposition 3.1).
The properties of Γ, Γ \ T and X R are intimately related. We explore these relationships to obtain a description of the graph Γ \ T , which includes a formula for the number of vertices of a given degree and a formula for the first Betti number (Theorem 3.4). Next, the description of Γ \ T translates into a statement about the structure of the group Γ (Theorem 3.5). In particular, we determine the cases when Γ is generated by torsion elements and find a presentation for Γ in those cases (Theorem 3.6); in §5, we find explicitly the torsion units which generate Γ in terms of a basis of D. Finally, we have an application to the arithmetic of X R . From the structure of Γ \ T and a geometric version of Hensel's lemma we deduce that X R (F ∞ ) = ∅ if and only if R contains a place of even degree (Theorem 4.4). This last theorem is the function field analogue of a well-known result of Shimura which says that X d (R) = ∅, i.e., X d does not have points which are rational over R [16] . The curve X R parametrizes D-elliptic sheaves over F with pole ∞ [2] , where D is a maximal O C -order in D (the notion D-elliptic sheaf generalizes the notion of Drinfeld module). This can be used to show that X R has a model over F . As a consequence of Theorem 4.4, if R contains a place of even degree, then X R has no L-rational points for any extension L/F which embeds into F ∞ . In particular, X R (F ) = ∅.
Preliminaries
2.1. Graphs. We recall the terminology related to graphs, as presented in [15] .
Definition 2.
1. An (oriented) graph G consists of a non-empty set X = Ver(G), a set Y = Ed(G) and two maps
and Y → Y, y →ȳ which satisfy the following condition: for each y ∈ Y we haveȳ = y,ȳ = y and o(y) = t(ȳ).
An element v ∈ X is called a vertex of G; an element y ∈ Y is called an (oriented ) edge, andȳ is called the inverse of y. The vertices o(y) and t(y) are the origin and the terminus of y, respectively. These two vertices are called the extremities of y. Note that it is allowed for distinct edges y = z to have o(y) = o(z) and t(y) = t(z):
and it is also allowed to have y ∈ Y with o(y) = t(y), in which case y is called a loop: s
We say that two vertices are adjacent if they are the extremities of some edge. We will assume that for any v ∈ X the number of edges y ∈ Y with o(y) = v is finite; this number is the degree of v.
A connected graph without circuits is called a tree. A geodesic between two vertices v, w in a tree T is a collection of edges y 1 , y 2 , . . . , y m ∈ Ed(T ) such that y i =ȳ i+1 , t(y i ) = o(y i+1 ) for 1 ≤ i ≤ m − 1, and v = o(y 1 ), w = t(y m ). Since T is connected and has no circuits, a geodesic between v, w ∈ Ver(T ) always exists and is unique. The distance d(v, w) between v and w is the number of edges in the geodesic joining v and w. In particular, d(v, w) = 1 if and only if v and w are adjacent.
A graph is finite if it has finitely many vertices and edges. A finite graph G can be interpreted as a 1-dimensional ∆-complex [5, p. 102] . The first Betti number h 1 (G) of G is the dimension of the homology group dim Q H 1 (G, Q). (One can show that G is homotopic to a bouquet of circles; h 1 (G) is equal to the number of those circles.)
An automorphism of G is a pair φ = (φ 1 , φ 2 ) of bijections φ 1 : X → X and φ 2 : Y → Y such that φ 1 (o(y)) = o(φ 2 (y)) and φ 2 (y) = φ 2 (ȳ). Let Γ be a group acting on a graph G (i.e., Γ acts via automorphisms). We say that v, w ∈ X are Γ-equivalent if there is γ ∈ Γ such that γv = w; similarly, y, z ∈ Y are Γ-equivalent if there is γ ∈ Γ such that γy = z. For v ∈ X, denote Γ v = {γ ∈ G | γv = v} the stabilizer of v. Similarly, let Γ y = Γȳ be the stabilizer of y ∈ Y . Γ acts with inversion if there is γ ∈ Γ and y ∈ Y such that γy =ȳ. If Γ acts without inversion, then we have a natural quotient graph Γ \ G such that Ver(Γ \ G) = Γ \ Ver(G) and Ed(Γ \ G) = Γ \ Ed(G). We assume k ∼ = F q is finite. Let V be a two-dimensional vector space over K. A lattice of V is any finitely generated O-submodule of V which generates the K-vector space V ; such a module is free of rank 2. If Λ is a lattice and x ∈ K × , then xΛ is also a lattice. We call Λ and xΛ equivalent lattices. The action of K × on the set of lattices in V subdivides this set into disjoint equivalence classes. We denote the class of Λ by [Λ] .
Let T be the graph whose vertices Ver ( 
One shows that T is an infinite tree in which every vertex has degree (q + 1). This is the Bruhat-Tits tree of PGL 2 (K).
Let GL(V ) denote the group of K-automorphisms of V ; it is isomorphic to GL 2 (K). One easily verifies that GL(V ) acts on the Bruhat-Tits tree T and preserves the distance between any two vertices (although GL(V ) acts with inversion).
Given two linearly independent vectors f 1 and f 2 in V , we denote by [f 1 , f 2 ] the similarity class of the lattice Of 1 ⊕ Of 2 . Fix the standard basis e 1 = (1, 0), If we express every vector in K 2 in terms of e 1 and e 2 , then the action of g ∈ GL 2 (K) on T is explicitly given by
where g acts on row vectors e i in the usual manner.
Quaternion algebras. Given a quaternion algebra
• If q is even,
although a and b are not uniquely determined by D).
Proof. See pp. 1-5 in [18] .
For α ∈ H(a, b), there is a unique expression α = x+yi+zj +wij. The quadratic form corresponding to the reduced norm on H(a, b) is Q(x, y, z, w) = α·α ′ . In terms of a and b, Q is explicitly given by
• If q is odd,
One has the following useful criterion for determining whether H(a, b) is split or ramified at a given place. 
is the inverse of α. On the other hand, if Q does have non-trivial solutions then there is α = 0 such that α · α ′ = 0. In this last case H(a, b) v obviously has zero divisors, so cannot be a division algebra. Proof. See [14, (32.15) ].
The group of units
We return to the notation and assumptions in the introduction. Thus, D is a quaternion division algebra which is split at ∞, Λ is a maximal A-order in D, and
The group Γ can be considered as a discrete subgroup of GL 2 (K) via an embedding
Note that for γ ∈ Γ, det(ι(γ)) = Nr(γ), so ι(Γ) ⊂ GL 2 (K) 0 . We fix some embedding ι, and omit it from notation. Being a subgroup of GL 2 (K) 0 , Γ naturally acts on the Bruhat-Tits tree T of PGL 2 (K), and moreover, by Lemma 2.3, Γ acts without inversion.
Proof. It is enough to show that Γ \ T has finitely many vertices. The group GL 2 (K) acts transitively on the set of lattices in K 2 . The stabilizer of [e 1 , e 2 ] is Z(K)·GL 2 (O), where Z denotes the center of GL(2). This yields a natural bijection Ver(T ) ∼ = GL 2 (K)/Z(K) · GL 2 (O), and also
We will show that the above double coset space is finite. Denote by A the adele ring of F . Consider the group
Proof. By choosing an appropriate basis of
Since this last group is compact in GL 2 (K), whereas Γ is discrete, Γ v = Γ∩GL 2 (O) is finite. In particular, if γ ∈ Γ v , then γ n = 1 for some n ≥ 1. We claim that the order n of γ is coprime to the characteristic p of F . Indeed, if p|n then (γ n/p − 1) ∈ D is non-zero but (γ n/p − 1) p = 0. This is not possible since D is a division algebra. Consider the subfield F (γ) of D generated by γ over F . By Proposition 2.8, [F (γ) : F ] = 1 or 2. Since γ ∈ D is algebraic over F q , we conclude that [F q (γ) :
It is obvious that F × q ⊂ Γ v . Assume there is γ ∈ Γ v which is not in F × q . From the previous paragraph, γ generates F q 2 over F q . Considering γ as an element of GL 2 (O), we clearly have a + bγ ∈ M 2 (O) for a, b ∈ F q (embedded diagonally into GL 2 (K)). But if a and b are not both zero, then a + bγ ∈ Λ is invertible, hence belongs to Γ and GL 2 (O). We conclude that F q (γ) × ∼ = F × q 2 ⊂ Γ v , and moreover, every element of Γ v is of order dividing q 2 − 1. Suppose there is δ ∈ Γ v which is not in F q (γ)
× . Since δ is algebraic over F q , δ and γ do not commute in D (otherwise 
Proof.
We introduce a function which will simplify the notation in our later discussions:
0, if some place in R has even degree; 1, otherwise.
Let
Theorem 3.4.
(1) The graph Γ \ T has no loops; 
Proof. The graph Γ \ T has no loops since adjacent vertices of T are not Γ-equivalent, as follows from Lemma 2. We claim that the image of v in Γ \ T has degree q + 1. Let e, y ∈ Ed(T ) be two distinct edges with origin v. It is enough to show that e is not Γ-equivalent to y orȳ. On the one hand, e cannot be Γ-equivalent to y since Γ v ∼ = F × q stabilizes every edge with origin v. On the other hand, if e is Γ-equivalent toȳ then v is Γ-equivalent to an adjacent vertex, and that cannot happen.
Let S be the set of terminal vertices of Γ \ T . Let G be the set of conjugacy classes of subgroups of Γ isomorphic to F × q 2 . We claim that there is a bijection ϕ : S → G given byṽ → Γ v , where v is a preimage of the terminal vertexṽ ∈ S. The map is well-defined since if w is another preimage ofṽ then v = γw for some γ ∈ Γ, and so Γ w = γ −1 Γ v γ is a conjugate of Γ v . If ϕ is not injective, then there are two vertices v, w ∈ Ver(T ) such that
but v and w are not in the same Γ-orbit. Then Γ γw = γΓ w γ −1 = Γ v , but γw = v. The geodesic connecting v to γw is fixed by Γ v , so every edge on this geodesic has stabilizer equal to Γ v . This contradicts Proposition 3.2. Finally, to see that ϕ is surjective it is enough to show that every torsion element in Γ fixes some vertex. Suppose γ ∈ Γ does not fix any vertices in T . Since γ acts without inversion, a result of Tits [15, Prop. 24, p. 63] implies that there is a straight path P in T on which γ induces a translation of amplitude m ≥ 1. If γ is torsion, then for some n ≥ 2 γ n = 1 induces a translation of amplitude mn on P, which is absurd. Let A := F q 2 [T ] and L := F q 2 F (note that A is the integral closure of A in L). If q is odd, let ξ be a fixed non-square in F q . If q is even, let ξ be a fixed element of F q such that Tr Fq/F2 (ξ) = 1 (such ξ always exists, cf. [10, Thm. 2.24]). Consider the polynomial f (x) = x 2 − ξ if q is odd, and f (x) = x 2 + x + ξ if q is even. Note that f (x) is irreducible over F q ; this is obvious for q odd, and follows from [10, Cor. 3 .79] for q even. Thus, a solution of f (x) = 0 generates F q 2 over F q . Denote by P the set of Γ-conjugacy classes of elements of Λ whose reduced characteristic polynomial is f (x). By a theorem of Eichler (Cor. 5.12, 5.13, 5.14 on pp. 94-96 of [18] ),
where h(A) is the class number of A and L x is the Artin-Legendre symbol :
Note that a place of even degree splits in L, and a place of odd degree remains inert, and since h(A) = 1, this implies #P = 2 #R ℘(R). If λ ∈ Λ is an element with reduced characteristic polynomial f (x), then it is clear that λ ∈ Γ and
× defines a map χ : P → G. As before, it is easy to check that χ is well-defined and surjective. We will show that χ is 2-to-1, which implies the formula for V 1 . Obviously λ = λ ′ and these elements generate the same subgroup in Γ, as the canonical involution on D restricted to F (λ) is equal to the Galois conjugation on F (λ)/F . Since λ and λ ′ are the only elements in F q (λ) with the given characteristic polynomial, it is enough to show that λ and λ ′ are not Γ-conjugate. Suppose there is γ ∈ Γ such that λ ′ = γλγ −1 . One easily checks that 1, λ, γ, γλ are linearly independent over F , hence generate D. If q is odd, then λ ′ = −λ. If q is even, then λ ′ = λ + 1. Using this, one easily checks that γ 2 commutes with λ, e.g., for q odd:
Hence γ 2 lies in the center of D, and therefore,
Looking at the relations between λ and γ, we see that D is isomorphic to H(ξ, b). This last quaternion algebra is split according to Corollary 2.7, which leads to a contradiction.
The number of edges E = #Ed(Γ \ T ), ignoring the orientation, is equal to
By Euler's formula, E + 1 = g(R) + V 1 + V q+1 . This implies the expression for V q+1 , and finishes the proof of the theorem.
The next theorem is the group-theoretic incarnation of Theorem 3.4.
Theorem 3.5. Let Γ tor be the normal subgroup of Γ generated by torsion elements.
(1) Γ/Γ tor is a free group on g(R) generators. 
(2) q = 4 and R consists of the four degree-1 places in |C| − ∞. In this case, Γ has a presentation The example in Theorem 3.7 is significant for arithmetic reasons. Assume q is odd. As is shown in [13] , the curve X R is hyperelliptic if and only if R = {x, y} and {deg(x), deg(y)} = {1, 2}. Thus, Theorems 3.7 and 4.1 imply that the closed fibre over ∞ of the minimal regular model over Spec(O) of a hyperelliptic X R consists of two projective lines P
1
Fq intersecting transversally at their q + 1 F q -rational points. This can be used to determine the group of connected components Φ ∞ of the closed fibre of the Néron model of the Jacobian of X R over Spec(O). Using a result of Raynaud (cf. [3, p. 283]), one obtains Φ ∞ ∼ = Z/(q + 1)Z.
Modular curves
GL 2 (K) acts on Drinfeld's upper half-plane Ω by linear fractional transformations. As we discussed in the introduction, the quotient Γ \ Ω is the underlying rigid-analytic space of a smooth, projective curve X R over K. The genus of this curve is computed in [12] using arithmetic methods, and it turns out to be equal to g(R). The theory of Mumford curves allows to construct a model of X R over Spec(O). Proof. This follows from [9, Prop. 3.2] after making the following two observations: (1) since Γ acts without inversion of T , the graph (Γ \ T ) * in [9] is (Γ \ T ) itself; (2) for any y ∈ Ed(Γ \ T ) the image of the stabilizer Γ y is trivial in PGL 2 (F ∞ ) by Proposition 3.2, so the length of y (in Kurihara's terminology) is 1. 
Explicit generators
Over Q one knows not only the cases when Γ d is generated by torsion elements, but also the explicit description of the generators of Γ d in terms of a basis of D; cf. [1, p. 92] or [8] . For example, Γ 6 is isomorphic to the subgroup of SL 2 (R) generated by
which have orders 4, 4, 6, 6, respectively. In this section we will find explicit generators for Γ in Case (1) of Theorem 3.6. As a consequence of our calculations, we will also obtain in this case a direct proof of Theorem 3.4 for odd q.
First, we explicitly describe D in terms of generators and relations when ℘(R) = 1, and then describe a maximal A-order in D. For each x ∈ |C| − ∞, denote by p x ¡ A the corresponding prime ideal of A. Let r be the monic generator of the ideal x∈R p x (this is the discriminant of D). Proof. It is enough to check that H is ramified exactly at the places in R. For this one can use the same argument as in the proof of Corollary 2.7. Reducing the quadratic form Q mod p v for every v ∈ |C| − ∞, one easily checks that H(ξ, r) is ramified at every place in R and is split at every place in |C| − R − ∞: Note that x 2 − ξy 2 = 0 (resp. x 2 + xy + ξy 2 = 0) has no non-trivial solutions over F v , v ∈ R, when q is odd (resp. even), since the corresponding quadratic has no roots over F q due to the choice of ξ and [F v : F q ] is odd by assumption. Finally, H is automatically split at ∞ since the number of places where a quaternion algebra ramifies must be even.
From now on we assume that ℘(R) = 1 and identify D with H(ξ, r).
Lemma 5.2. The free A-module Λ in D generated by
Proof. It is obvious that Λ is an order. To show that it is maximal we compute its discriminant, i.e., the ideal of A generated by det(Tr(x i x j )) ij . When q is odd det(Tr(x i x j )) ij = det In both cases, the discriminant of Λ is x∈R p 2 x , and this implies that Λ is maximal, cf. [18, pp. 84-85] .
From Lemma 5.2 we see that finding the elements λ = a + bi + cj + dij ∈ D which lie in Γ is equivalent to finding a, b, c, d, ∈ A such that
if q is odd
(this is the condition Nr(λ) ∈ F × q written out explicitly). We are particularly interested in torsion elements of Γ, hence instead of looking for general units, we will try to find elements in Λ which are algebraic over F q (such elements automatically lie in Λ × ). Since the actual calculations differ for "q even" and "q odd", we have to treat these cases separately, but first we make the following simplifying observation. If R consists of two rational places, then without loss of generality we can assume r = T (T − 1). Indeed, F is the function field of
where the matrix x y z w acts by T → xT +y zT +w . It is well-known that there is a linear fractional transformation which fixes ∞ and maps any two given F q -rational points of P 
Therefore, γ 2 = ξ is equivalent to
A possible solution is b = 1, d = c = 0. This gives the obvious θ 1 = i as a torsion unit. Now let r = T (T − 1). One easily checks that
satisfies (5.1). Thus, θ 2 = (2T − 1)i + 2ij is a torsion unit. Next, we study the action of θ 1 , θ 2 on T . Since r = T (T − 1) has even degree and is monic, √ r ∈ K. The map
Since π is not a constant, its valuations are non-zero at ∞ 1 and ∞ 2 . If n := ord ∞1 (π), then min(n, −n) = ord ∞1 (π + π −1 ) = ord ∞1 (4T − 2) = −1.
This implies that we can extend the valuation at ∞ to L so that π is a uniformizer of F ∞ . We conclude that θ 2 acts on T as the matrix Thus, we found two adjacent vertices in T and elements in their stabilizers which are not in F When q is even, a technical complication arises in the study of the action of Γ on T . This is due to the fact that neither F (i) nor F (j) embed into K (in the extension F (i)/F the place ∞ remains inert, and ∞ ramifies in the extension F (j)/F , since j is non-separable over F .) In particular, our choice of generators of D does not provide an easy explicit embedding of Γ into GL 2 (K) (although, we can embed Γ into GL 2 (F q 2 K) via
where κ ∈ F q 2 is a solution of x 2 + x + ξ = 0). Instead, we appeal to Theorem 3.5. A tedious calculation shows that F q (θ 1 ) × and F q (θ 2 ) × are not conjugate in Γ (in fact, it is enough to check that θ 1 is not a Γ-conjugate of θ 2 or θ 2 + 1). Hence by Theorem 3.5 these subgroups generate Γ. Again, choosing generators γ 1 and γ 2 of these cyclic groups, one obtains two torsion elements which generate Γ.
We finish with a remark on Case (2) of Theorem 3.6: q = 4 and r = T 4 + T . We can write down some solutions of (5.2) in this case. Let c, d ∈ F 4 be not both zero. Then α := c 2 + cd + ξd 2 ∈ F Now it is clear that θ = a + i + cj + dij, with a, c, d as above, satisfies (5.2). Nevertheless, it seems rather challenging to find explicitly enough torsion units which will generate the 8 non-conjugate subgroups of Γ isomorphic to F × 16 .
